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Siuiiniary
It has been pointed out by Bhat and Kulkami [1] that the Multinomial

sampling plan (MSP) and Inverse multinomial sampling plan (IMSP) are
multidimentsional efficient sairipling plans in DeGroot's [2] sense. A
comparative study of these two multidimensional sampling plans has been

r

made for estimating g(p) = ^ X.jpj which is a linear function of
j=i

multinomial proportions, P = (pi.P2,-• •,Pr), where
r+ 1

Pj > 0> j = 1> 2,... r+1and 5] Pj = ' has been assertained that
•j =i '

IMSP isalso anuseful sampling plan for estimating multinomial proportions
or a linear function of them.

Key words : Bernoulli population. Multinomial sampling plan. Inverse
multinomial sampling plan. Information inequality. Maximum likelihood
estimator. Efficient estimator. Relative efficiency.

Introduction

Consider a miiltivariate random variable y = (Cj.e^,..e_.^j), where
r+ 1

e, j = 1,2,..., (r+ 1) are either zero or one such that X
j=i

P(y is a vector with j-th place unity) = > 0, (j = 1,2,..(r+ 1)).

r+I

i.e. P(y) = n p^. (1.1)
t= I

Let yj,y2,... be a sequence of observations on random variable y and
N

*=X yi = *2' •••' '̂ r+1^ Nindei)endent observations. These
i= 1

observations can be represented by a lattice path in (r+ 1)- dimensions starting
from tlie origin and moving at tlie j-th step, one unit along or parallel to Z^-axis,
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(k =1, 2,. . (r +1)) if tlie k-th place of is unity. The (r +l)-dimensional
nomenclature can be viewed as a multidimensional extension of the
two-dimensional one due to Girshick, et al [31. The sample size N, when the
process temiinates at the boundary point x(a) = [x^ (a), x^Cct),..., Xj.^j (ct)],
is the sum Xj (a)+ .,. + j (a).

The probability of reaching the boundary point x(a) is
r+l

P(0,a,p) = He (a) n p '̂s (1.2)
t=l

where nQ(a) is tlie number of paths leading to the boundary point
B= {x(a): xi(a) >0,i - 1,2,...,(r+l)}and6 is the parameter of the
boundary points.

A sampling plan with boundary B is said to be closed if

y n (a) n. p^ = 1 (1-3)
(te B 1=1

r+l

for all p, e (0,1), t =1,2,.., (r +1) and ^ Pt = 1- A" estimator T(a) is a
t=l '

real-v^ued function defined on B such that

r + l

E[T(a)l = X T(a) n(a)
a e B

(1.4)

is absolutely convergent. It can easily be seen Uiat x(a), the boundary points
of multidimensional sampling plans, are complete sufficient statistics for the
family of distributions generated over the boundary points due to a given
stopping nile.

Tlie parameters p^ (j =1.2,.. ,(r+ D) can be estimated using the meUiod
ofmaximum likelihood estimation. It isseen insection (3.1) that IMSP is better
than MSP, (or the converse) for estimating a linear function ofp = (P;
p) if the average sample size of tlie corresponding sampling plan is larger (or
smaller).

Secondly, the unique miniimun variance unbiased estimators of
p= (P1.P2... .Pr+i) calculated in respective sampling plans and
Uie criterion of comparison of these two sampling plans has been developed
as ll(c/p,+i) V,-nV^II, where (c/p^+i) is the ASN of the IMSP, V, is the
variance- covariance matrix of tlie estimators of p in IMSP and n is tlie ASN
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of MSP, is tlie variance-covariaiice matrix of the estimators ofp in MSP.
It is observed in section (3.1) Uiat IMSP is a competitor to MSP for estimating
a linear function of p = p^,..., p).

Tliirdly, to compare the sampling plans for estimating the proportions
Pj) P2> • • •> Pr+ i>

, . _ E(Ni)V,(f,)
E^(N)V^(fp (1-5)

be the measure of relative efficiency of an estimator of
8(P) = Pj (j = 1,2,..., r+1) in MSP to IMSP where fj stands for tlie estimator
of g(p) = Pj, 'I ' stands for IMSP and 'M' stands for MSP. Let
Rj(p) = [e.(p)-1]. We have derived tlie bounds for R.(p) for comparing IMSP
with MSP in estimating p^ (j = 1,2,..., r+ 1) in section 3.2.

2. Multinomial and inverse Multinomial Sampling Plans and Unique
. Unbiased Estimation of p - (pi,p2,..., pr).

2.1 Multinomial Sampling Plan (MSP)

Consider a population which is described by the law (1.1). Let
ypyj,... be a sequence ofobservations on tlie random variable y and we stop
taking observations with the help of a stopping nile. According to the MSP,
the stopping nile is to stop after taking n (a predetermined number of)

n r+1

observaUons. Let x = y. = (x^,.., x^,), hence, X x, = n. The boundary
i = 1 i = 1

points of the plan are given by

Bm = [(xpx^... ,X(^^,)): x; > Ofori = 1,2...., (r+1)
r+1

and X Xi = «]•
i=l

2.2 The Inverse Multinomial Sampling Plan (IMSP)

According to this plan, observations are taken in a sequence, until a
predetermined number c of observations fall into a given class. Let us, for
example, assume that we take observations just until x^^^ = c have been
observed. The probability that tlie process terminates after reaching a boundary
point of
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B, = [(xj,x^,..,X,,c): x; > Ofori = 1,2,.. .randc > 0]

is given as

r

p,(a) = n,(a)p^+i n p^
1=1

where 0 < Pi < 1 for t = 1,2,..r+ 1

and

r+l

p^ - 1 and n, (a) -
t= 1

c-l +X Xi
i= 1

(c-1)! n xj!
i=l

257

(2.2.1)

2.3 Minimum Variance Unbiased Estimalors of Parameters and Their
Variance and Covariance Matrices

It is well known that the unique minimum variance unbiased estimators
of PjO = 1,2,.., r+ 1) in MSP are

^i(i) = (x./n),for i = 1,2, ...r+l (2.3.1)

and the unique minimum variance unbiased estimators of Pj for
i = 1,2, ...,r+l in IMSP are

and

Pi(2) - -, fori = 1,2,..., r

c-l +Z Xj
j = i

A

Pr+1(2) ~
C-1

c-l+S
i=l

(2.3.2)

(2.3.3)

as they are functions of complete sufficient statistics.

Assume Uiat p^j = (p,(j),..p^,) be the vector of independent estimators
r

of p= (Pp. .?,pP for j-Ui plan (j =1, 2) as = 1- X Pioo ^
i = l

Here 1 stands for MSP and 2 for IMSP. The exact variance and covariance
matrices of the estimators p^j in respective plans.are given by

Vj = (V?, i, 1= 1,2 r) and j = 1,2 (2.3.4)
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where are given by (2.3.5) and (2.3.10).

The variance and covariance matrices for the estiinators of p in MSP can
be seen from Khirsagar [4] and we have derived it for IMSP in this section.

(a) The variance-covariance matrix of the estiinators p
A , . *(1)

~ O'i(i)' ••>Pr(l)) MSP.

It is known tiiat,

= V(i\.)) = , for i = 1. 2,... (r+ 1)

^ik ~ 0'i(i)> l\(i)) = ~ l,..,(r+l) (2.3.5)

and V, = = 0/") [cliag(Pi, P2, • •p,)-p'p] (2.3.6)

with p = (pj.p^,. ..,p^).

(b) The variance-covariance matrix of the estimators p^^) = '̂i(2)'P2(2)

The Variance-covariance matrix

- (V[f^i,l = l,2,...,r) (2.3.7)

is compnted as follows.

r

It can be easily seen in (2.2.1) that for given y = X
i = i

(i) E(Xi Iy) = —— for i = 1,2,... r
^ Pr + 1

(ii) E(Xi Xk Iy) = ^̂ for i k(i, k=1,2, 3,..., r) and
~ Pr+ M

(iii) H(xfly) =f^. A 1=1.2.....r (2.3.8)
U—Pr+iJ ^ Pr+1
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The marginal distribution of y is negative binomial, given by

(2.3.9)

Using (2.3.9) and the condUional arguments (2.3.8) the variance and covariance
matrix of P(2j = (J'i(2)' ••'Pr(2)) be computed as

V, = (v[:-'), (2.3.10)

wiiere v|f^ = ci)f f(c +2) +i), p, +, f(c +1) - i)f for i=1, 2,..., r. (2.3.11)

= '̂ Pii'k +2) - Pi p,;, for i k = 1,..., r (2.3.12)

and r(c) =(=-2).i (2.3.13)
j=0

Further, we may derive, along the same line,

Var(Pr +1(2)) = (c - 1) Pr+1 f(c) - p?+1 (2.3.14)

COv(l5.,(2).Pr+,(2)) = (c-l)Pr+.Pif(c+l)-Pr+lPi (^.3.15)
The values of f(c) for different values of p^^i and c have been computed

(see Table I of the appendix) to calculate the variance and covariance matrix
V2-

3. Comparative Study ofMultidimensional Sampling Plans for Estimating
a Linear Function of Proportions p = (pi, pi, •• •, Pr) or Multinomial
Proportions

It is known that the variance of the estimator decreases with the ASN when
one saiiipling plan is under consideration. The unbiasedness and minimization
of the variance provide satisfactory consideration for obtaining a point estimator
for a sampling plan. But when two sami)ling ])lans are to be compared, the
role of ASN creeps in from the background as it is usually expected that the
variance will decrease with the increase of sample size. It is tlierefore proposed
to measure the efficiency of a plan in estimating a function of a parameter by
the precision of the estimator per unit ASN. In practice, it will be more
convenient to compute and compare tlie reciprocal of tliis quantity which is
the product of tlie variance of tlie estimator and the ASN of tlie plan. A plan
is best if tliis product is least. Thus E(N)V(f) is an effective optimal criteria
of an estimator for simultaneous minimization of ASN and the variance of an
estimator.
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Let g(p) == X PiO) f'e the estimator of g(p) = X Pi> f®"" tlie j-th
i=l ^ i-I

plan 0 = 1. 2). Then Vj(g(p)) = ?. V. for j = 1, 2, wliere
1 = (A,,, k). Hence , V.(!g(p)) = X,[n. V.] X', for j = 1, 2. Therefore

• ~"i ^i(s(p)) = ^['i2 ^2~"i Now, the EVISP is preferred to
MSP if II (c/Pr^.i)V2-nV, II is negative. We have derived here the expressions
for each element bj^. (i,j = 1,2,..,r) of the determinant which are easily
computable, where l(b;.)l = llc/p^^j)V^-nV, II. It is noted that all the
diagonal elements of tlie detemiinant may be i)ositive where as all off diagonal
elements may be negative for some values of c and p. however, it is not
practicable to express the elements ofI(bjP I in a simpler form so as to know
the exact values of c and p for which IMS? is better tlian MSP. But the value
ofI(b.p I(which can be computed for a given value ofc and pusing the derived
expressions and with the help of given Table) helps to know the behavior of
the plans in a particular case. Here, the value of the determinant is computed
for c = 2 and 5 and for different values of p., i = 1, 2 when r = 2. It has been

seen that in all tiiese cases, tlie diagonal elements are positive and off diagonal
elements are negative. It is also seen that tlie values of the determinants for
c = 2 and 5 are close to zero. From tliis it is quite clear thatIMSP is a competitor
to MSP for estimating a linear function of (p,, p^,..., p^).

3.1 Computation of the criteria of comparison

The elements of the detemiinant I(b.p Iare derived in a computable fomi,
as follows.

(1) Derivation of b-,;, for i = 1, 2, 3, . . ., r.

(c/p,+ i)V?^ = (cVp^^,) pf f(c +2) +cpi f(c +1)- (cp?/p^^ j)

-<cp?/p,+,).

Substituting for f(c), given by (2.3.13).

Similarly, n = p. (l -pj), or i = 1, 2, . . , r. [using (2.3.5)]

Therefore, b;; = (c/p(^j+ f) V?>-n v|i'\ for i = 1. 2, . . , r
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